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a b s t r a c t
A mathematical model for a simply supported dual-duct rectangular plate is established.
By means of the stepped variable thickness rectangular plate approximation theory, its
solution undermoving loading is obtained and the influences of the width and the position
of the ducts aswell as the thickness of the plate on the load-carrying capacity are discussed.
Comparison with the experimental results shows that the analysis method in this paper is
reasonable and reliable.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Plates with ducts are extensively used in engineering. For example, the covers of drains in cities are usually made as
duct plates, and their dynamic response under moving loads is very import for their design. However, the investigation
of this topic has been very limited. This paper analyzes the load-carrying characteristics of a simply supported dual-duct
rectangular plate under a moving load.
A schematic diagram of the dual-duct rectangular plate is shown in Fig. 1, in which the plate is simply supported on its
four sides. The lengths of the plate along the x and y directions are a and b, respectively, while its thickness is h. The plate
is subjected to a pressure load q moving along the y-axis at a constant speed v. The pressure load, usually caused by the
tire of an automobile, is q, and its action area is rectangular, g × e, while g and e change with the vehicle type. The distance
between the moving load and the x = 0 side of the plate is assumed to be xk.
2. Basic equations
Considering that after a rectangular plate is slotted, the exact solution cannot be obtained easily, an approximate theory
with stepped variable thickness is adopted. The forced vibration equation of the rectangular plate including a duct is [1]
D(y)∇4w(x, y, t)+m(y) ∂
2w(x, y, t)
∂t2
= q(x, y, t). (1)
The general solution of Eq. (1) is
w(x, y, t) =
∞−
j=1
Wj(x, y)Tj(t) (2)
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Fig. 1. Schematic structure of the simply supported dual-duct rectangular plate.
whereWj(x, y) is defined as
Wj(x, y) = Yj(y) sin jπxa . (3)
After substituting Eq. (2) into Eq. (1), we obtain
D(y)
∞−
j=1
∇4WjTj +m(y)
∞−
j=1
WjT¨j = q(x, y, t) (4)
where Qj(t) =
∫ a
0
∫ b
0
q(x, y, t)Wˆj(x, y)dxdy (5)
Wˆj(x, y) is a regularized mode shape function, which satisfies
η2j
∫ a
0
∫ b
0
m(y)W 2j (x, y)dxdy =
a
2
∫ b
0
m(y)Y 2j (y)dy = 1. (6)
Then
ηj =

2
a
 b
0 m(y)Y
2
j (y)dy
. (7)
Therefore, the orthogonal mode shape function is
Wˆj(y) = ηjYj(y) sin

jπx
a

= ηj

n−
i=1
(⟨y− yi−1⟩0 − ⟨y− yi⟩0)W (i−1)Ψ2(α1, β1, y)
+ Bj
n−
i=1
(⟨y− yi−1⟩0 − ⟨y− yi⟩0)W (i−1)Ψ4(α1, β1, y)

sin

jπx
a

. (8)
After substituting Eq. (8) into Eq. (6), it is obtained that
Qj(t) =
∫ a
0
∫ b
0
q(x, y, t)ηjYj(y) sin

jπx
a

dxdy. (9)
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The solution of the Eq. (4) is
Tj(t) = C1j cosωjt + C2j sinωjt + Tj0(t) (10)
where C1j = Tj(0), C2j = T˙j(0)ωj , and C1j and C2j can be determined by the initial conditions. If the initial position and velocity
of the plate are zero, i.e.,
(w)t=0 = 0 v0 =

∂w
∂t

t=0
= 0, (11)
and Tj0(t) is the inhomogeneous particular solution of Eq. (5), which is
Tj0(t) = 1
ωj
∫ t
0
Qj(τ ) sinωj(t − τ)dτ , (12)
then the plate’s dynamic response can be expressed as
w0(x, y, t) =
∞−
j=1
Yj sin
jπx
a
ωj
∫ t
0
Qj(τ ) sinωj(t − τ)dτ . (13)
The moving load can be expressed using the singular function as
q(x, y, t) = q(⟨x− xk⟩0 − ⟨x− xk − g⟩0)(⟨y− vt⟩0 − ⟨y− vt − e⟩0) (14)
where xk and xk + g are the x coordinates of both tire edges when the tire presses on the dual-duct rectangular plate, and e
is the width of the tire along the y direction.
By substituting Eq. (14) into Eq. (9), we obtain
Qj(t) = qηj
∫ a
0
(⟨x− xk⟩0 − ⟨x− xk − g⟩0) sin jπxa dx
∫ b
0
(⟨y− vt⟩0 − ⟨y− vt − e⟩0)Yj(y)dy. (15)
Hence,
Qj(t) = 2qaηjjπ
[
cos
jπxk
a
− cos jπ(xk + g)
a
]
·
[
⟨y− vt⟩0
∫ b
vt
Yj(y)dy− ⟨y− vt − e⟩0
∫ b
vt+e
Yj(y)dy
]
. (16)
By means of Eqs. (16) and (12), we have
Tj0(t) = 2qaηjjπωj
[
cos
jπxk
a
− cos jπ(xk + g)
a
] ∫ t
0
·
[
⟨y− vτ ⟩0
∫ b
vτ
Yj(y)dy− ⟨y− vτ − e⟩0
∫ b
vτ+e
Yj(y)dy
]
× sinωj(t − τ)dτ . (17)
Also, by using Eqs. (16) and (13), the results for the forced vibration response can be given by
w0(x, y, t) =
∞−
j=1
2qa
jπ
ηjYj(y) sin
jπx
a
ωj
[
cos
jπxk
a
− cos jπ(xk + g)
a
]
·
∫ t
0

⟨y− vτ ⟩0
∫ b
vτ
Yj(y)dy
−⟨y− vτ − e⟩0
∫ b
vτ+e
Yj(y)dy

sinωj(t − τ)dτ . (18)
Because the moving load is small and the deflection of the plate is far smaller than its width, the small deflection theory
can be employed. After the deflection is obtained, the stress of the thin plate and the corresponding principal stress can
be calculated on the basis of the small deflection theory and the Von Mises criterion. If the stress at any point reaches the
yielding point, the corresponding load is defined as the load-carrying capacity of the dual-duct simply supported rectangular
plate in working conditions.
3. Calculation and analysis
According to the established basic equations, and by using a numerical method, the influences of the depth and position
of the duct, and the thickness of the plate, on the load-carrying characteristics of the plate are revealed. Considering that
there is only one tire acting on the dual-duct simply supported rectangular plate, the plate is only subjected to one quarter
of the weight of a car.
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Fig. 2. Influence of the plate’s thickness.
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Fig. 3. Influence of the duct width.
3.1. The influence of the plate’s thickness
Fig. 2 shows the load-carrying characteristic for the dual-duct simply supported rectangular platewith varying thickness.
In the calculation the duct widths are taken as b2 = b4 = 20 mm, h− s = 4 mm, and b1 = b5 = 115 mm, while the size of
the tire is 40 cm× 10 cm, and the vehicle speed is v = 18 km/h. From the calculation, it is found that the simply supported
rectangular plate yields easily when the tire presses on the slot or in the middle of the plate’s longer edge where x = a/2.
In Fig. 2, the thickness of the plate ranges from 10 to 25 mm, while the y ordinate gives the biggest vehicle weight that
the plate can carry. Considering that the vehicle has four tires, the biggest vehicle weight is one quarter of the vehicle’s
total weight. From Fig. 2, it can be seen that with the increase of the plate’s thickness, the load-carrying capacity of the plate
increases. The load-carrying capacity of the dual-duct simply supported rectangular plate increases from 6.67 to 94.7 t when
its thickness increases from 10 to 25 mm.
3.2. The influence of the duct width
Fig. 3 depicts the load-carrying capacity of the plate with varying duct width. In the calculation the plate thickness is
taken to be h = 16 mm; the depth is h − s = 4 mm, b1 = b5 = 115 mm, and the size of the tire is 40 cm × 10 cm with
vehicle speed v = 18 km/h, while the duct width ranges from 10 to 40 mm. It can be seen that with the increasing of the
duct width, the load-carrying capacity of the dual-duct simply supported rectangular plate decreases. When the duct width
increases from 10 to 40 mm, the biggest vehicle weight that can be carried by the plate reduces from 31.396 to 20.1276 t.
Therefore, the duct width should be reduced as much as possible to avoid the decreasing of the load-carrying capacity of a
dual-cavity simply supported rectangular plate.
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Fig. 4. Influence of the duct depth.
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Fig. 5. Influence of the duct position.
3.3. The influence of the duct depth
Fig. 4 shows the results for the dual-duct simply supported rectangular plate with varying slot depth, in which the duct
depth of the plate changes, while the other parameters are kept invariant. The plate thickness is taken as h = 16 mm;
also b2 = b4 = 20 mm, b1 = b5 = 115 mm, and all sizes of the tires are 40 cm × 10 cm, while all vehicle speeds are
v = 18 km/h.
In Fig. 4, the duct depth ranges from 2 to 4mm. It can be seen that with the increasing of the duct depth, the load-carrying
capacity of the dual-duct simply supported rectangular plate reduces linearly, and when the duct depth increases from 2
to 4 mm, the vehicle weight supported reduces from 44.911 to 26.7806 t. The duct depth should be decreased as much as
possible in order to avoid the degrading of the weight-bearing characteristics of a dual-duct simply supported rectangular
plate.
3.4. The influence of the duct position
We show in Fig. 5 the weight-bearing characteristics of dual-cavity simply supported rectangular plates with different
slotting positions. Only the slotting position of the dual-cavity simply supported rectangular plate changes; the other
parameters are kept invariant. In the calculation, all plate thicknesses are taken as h = 16 mm, all slot widths as
b2 = b4 = 20 mm, all slot depths as h − s = 4 mm, all sizes of the tires as 40 cm × 10 cm, and the vehicle speed as
v = 18 km/h.
In Fig. 5, the distance from the duct to the plate edge ranges from 15 mm to 215 mm. The results reveal that with
the increasing of the distance, the load-carrying capacity of the dual-duct simply supported rectangular plate increases
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Fig. 6. Cushion block in the experimental state.
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Fig. 7. Load–voltage output relationship.
constantly at first; when b1 = b5 = 55 mm, it reaches an extreme, namely, 59.306 t; when b1 = b5 > 55 mm, the load-
carrying capacity of the plate decreases; in some cases when the tire presses exactly on the duct, it breaks the inside of the
duct; when b1 = b5 = 215 mm, the load-carrying capacity of the plate obtains the minimum 18.01 t. Therefore, it is better
to arrange the duct around the edge of the plate in order to avoid decreasing the load-carrying capacity of the plate.
4. Experimental verification
To verify the above model, load-carrying experiments on a dual-cavity simply supported rectangular plate were
conducted on a 100 t hydraulic tester. The size of this plate was the same as that of the one described in Section 3.1, whose
loading capacity was about 35 t as shown in Fig. 2. As shown in Fig. 6, a 0.4 m × 0.1 m × 0.1 m pressure-transmitting
cushion blockwas put in themiddle of the plate in order to simulate the actual stress state of the dual-duct simply supported
rectangular plate when the tire rolls by. The pressure loads on the plate through the cushion block were measured using the
strain sensor and the load-carrying capacity of the plate could be calculated. The results of the experiment in Fig. 7 showed
that the load carried by the plate increased up to 35 t, showing that its load-carrying capacity was 35 t, which is the same
as the theoretical prediction.
5. Concluding remarks
Through the theoretical analysis and calculations as well as experimental verification, the basic understanding reached
is as follows:
(1) Since there are ducts in the simply supported rectangular plate, it is difficult to establish the influences of the shapes of
the ducts and other factors on the load-carrying characteristics through an exact solution. In this paper, an approximate
solution for the dual-duct simply supported rectangular plate subjected to a moving load is obtained by using a stepped
plate approximation theory.
(2) In the theoretical modeling, the effects of emergency capacity, the defects of the plate and other factors on the load-
carrying characteristics are not considered, while in a practical design the safety factors should be considered.
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(3) It can be seen from the calculations that the influences of the thickness of the plate, thewidth, the depth and the position
of the groove are significant for the load-carrying characteristics of the plate.
(4) On the premise that the duct can meet the project requirements, the width and the depth of the duct should be as small
as possible, the duct should be arranged around the edge of the plate and not near the middle of the plate, and the right
angle side of the duct rectangle should transit via a fillet in order to reduce the stress concentration phenomenon.
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